Control of morphing aircraft is particularly difficult due to an inherent nonlinearity in the closed-loop equations of motion. This nonlinearity arises due to the dependence of the dynamics on the control input. The equations of motion for closed-loop dynamics will thus multiply a state-dependent matrix with the states which, consequently, will be a nonlinear function of the states. This paper introduces the linear input-varying framework to describe such systems. Essentially, this framework represents systems whose dynamics are linear when the input is constant but will vary as the input is varied. A pair of controllers are formulated for these types of systems to provide disturbance rejection. Several examples of span-varying morphing, chord-varying morphing, and camber-varying morphing are used to demonstrate the properties of the resulting closed-loop systems.
I. Introduction
The concept of morphing is quite natural for aeronautical systems. Birds and insects routines change their shape during flight for propulsive and aerodynamic reasons. The types and shapes of such morphing is quite extensive and ranges across a broad spectrum of biological systems. These creatures change the shape due to rotation around skeletal joints, translation of bones, and of course muscle contractions.
Morphing is a control effector in that the shape is changed to alter the flight dynamcis. As such, a simple form of morphing is wing twist. This approach was used for control on the early Wright flyer where the pilot directly twisted the wing using cables. The idea is also used for control on the Active Aeroelastic Wing whre the wing is twisted in response to moments induced by control surfaces.
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The variations can be extended to include other parameters such as span, chord, camber, area, thickness, aspect ratio, planform, and any other metric related to shape. In particular, these programs have demonstrated clear benefits of morphing as measured by aerodynamic performance related to lift and drag.
Recent programs by DARPA
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Aircraft have been optimized 11 using morphing to improve lift and minimize drag along with fuel consumption, aeroelastic effects have been often studied relative to maximum roll rate 3, 16, 24 and actuator loads.
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Some investigations have considered control of morphing systems; however, they do not fully address manuevering flight. A study using piezoelectric materials designed control only to achieve roll . Also, a study designed nonlinear controllers but its morphing model used simply a distributed set of control effectors rather than a shape with fully time-varying dynamics.
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The issue of control design for morphing systems has partly been overlooked because of the lack of flight-capable testbeds. NASA has constructed a hyper-elliptic wing with morphing camber.
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A set of smart spars are built that provides many types of morphing.
2
Another model uses an adaptive planform to dramatically change shape.
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Mechanisms are also built such as a telescoping spar to morph aspect ratio 4, 5 and an inflatable actuator to change sweep.
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In each case, the mechanisms are too heavy for a flight system so tests are limited to a static mount in a wind tunnel. An inflatable concept has been taken to flight 8, 9 but the morphing is a one-time inflation; hence, it is not used for maneuvering control. Micro air vehicles present an attractive platform because their lightweight structures make morphing relatively easy; hence, several vehicles have been flown that incorporate morphing mechanisms for maneuvering. 1, 15, 17, 27 This paper presents an approach for designing controllers for morphing aircraft. The critical element to this approach is a framework within which to represent the flight dynamics. Essentially, the flight dynamics are expressed as linear functions of the shape. The resulting models are described as linear input-varying (LIV) to reflect this functional dependence. A pair of controllers are formulated to provide disturbance rejection for this LIV class of systems.
Several examples are presented to demonstrate the LIV framework and the associated control formulations. These examples utilize a common nominal configuration that is based upon an existing family of micro air vehicles. These nominal configurations are then augmented to introduce span-varying morphing, chord-varying morphing, and cambervarying morphing. Controllers are designed for each type of morphing are designed and their effectiveness is evaluated for gust rejection.
Also, the examples in this paper are restricted to consideration of the longitudinal dynamics. The LIV framework is actually appropriate for longitudinal and lateral-directional dynamics. In this case, the restriction to longitudinal dynamics is sufficient to investigate issues related to control synthesis. The models are not assumed to be high-fidelty representations of the a complete morphing system; rather, they are assumed to account for a set of representative effects that will be present in a morphing system.
II. Flight Dynamics of Morphing
Morphing can be considered in both a dynamical and quasi-static sense. In either case, the aircraft will undergo shape transformations but the rate of that transformation is actually what distinguishes them. The dynamical type of morphing, such as wing twist on the F/A-18 AAW, 33 occurs on a short time scale and can be used for maneuvering. The quasi-static type of morphing, such as wing sweep on the F-14, changes more slowly and is used mostly for optimization as the aircraft transitions between operating regimes.
A full derivation of the flight dynamics for a morphing aircraft, both dynamical and quasi-static, is quite extensive. These models must account for the variety of time-varying quantities such as mass distribution and aerodynamic shape. Additionally, these models must account for the variations in structural load distribution and aeroelastic effects resulting from the shape variation. Such models are high-fidelity representations but are not immediately amenable to control design; instead, reduced-order models can be used for initial investigation that focus on flight control.
A basic model can be expressed that accounts for some characteristics of the dynamics of static morphing. Essentially, the approach is to identify a set of models where each model describes the flight dynamics at a specific morphing configuration. The parameters in each model will vary with morphing so each can be expressed as a finite-order polynomial function. A morphing model then results by expressing a model whose elements are these funtions of the configuration.
The effects of morphing on the rigid-body dynamics must be initially evaluated for this type of approach. These dynamics are typically represented as 12 equations of motion involving forces, moments, attitudes and rates. The morphing actually only directly affects the moments; hence, the moment equations must be augmented to account for shape variations.
The nonlinear dynamics relating pitch moment to aircraft parameters can fully be expressed as in Equation 1. This equation is based on an equation that can be found in textbooks; 32 however, they differ dramatically due to the introduction of the morphing dynamics. First, the potential asymmetry requires the inclusion of all moments of inertia. Second, the time-varying mass distribution requires the inclusion of time rate of change of moments of inertia. As such, the equations of motion of a morphing aircraft can not be simplified to a small form like for a traditional aircraft. 
The moment in Equation 2 must be computed to describe the flight dynamics. This term is usually expanded in terms of the states for the linearized model. The resulting expression for the moment can be seen in Equation 3.
Finally, the moment in Equation 3 is combined with the force equations along with attitude and position expressions. to result in the general form in Equation 4. This form uses the standard nomenclature for a rigid-body flight dynamics and maintains the same structure.
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Obviously this model does not account for structural or aeroelastic effects; however, it does include representative issues for flight dynamics. Such a model is suitable for investigating effects of morphing on the flight dynamics and control strategies to account for these representative effects. This aerodynamic and inertial effects, given in Equation 1, are incorporated into the stability derivatives in Equation 4.
Models can similarly be formulated to account for the lateral-directional dynamics. This paper is only concerned with the longitudinal dynamics so the lateral-directional formulation is not presented. The procedure for developing such models follows the same procedure as for the longitudinal models. Specifically, the nonlinear moment expressions are expanded to account for time-varying moments of inertia and the inclusion of asymmetric terms; these expressions are then linearized; and finally the state-space representation is formulated with terms that depends on the configuration.
III. Linear Input-Varying Class
The general form of the equations of motion, as expressed in Equation 4 
The model in Equation 5.1 represents the flight dynamics for an aircraft with a fixed configuration. In other words, this model describes an aircraft without morphing. This model utilizes matrices that depend on an exogenous, but measurable, variable such as Mach or altitude. This form is actually the linear parameter-varying (LPV) dynamics which have been extensively studied.
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The model in Equation 5.2 represents the flight dynamics for an aircraft at a fixed flight condition. The aircraft is allowed to morph; however, the aerodynamics do not vary because of Mach or altitude changes. This form is denoted as linear input-varying dynamics (LIV) because of the dependency on the command input. Essentially, the dynamics are linear when q is constant but they obviously vary with q . The relationship between LIV and LPV is clear in the sense that each has system matrices that are function of either the input or an exogenous parameter.
Clearly a morphing aircraft has highly structured dynamics. In particular, note that the flight dynamics revert to a linear state-space form in Equation 5.3 when both morphing and flight condition are fixed. The model thus represents an important physical aspect of morphing; specifically, the aircraft will have traditional dynamics for maneuvering around trim when morphed into a fixed configuration.
IV. Control Synthesis
A class of controllers is synthesized for disturbance rejection. The ability to reject disturbances, such as wind gusts, is obviously an important feature of any flight controller. The resulting closed-loop system will be inherently nonlinear because of the effects of state feedback; consequently, the controllers will ensure the origin, or trim condition, is globally asymptotically stable for these nonlinear dynamics. An approach for disturbance rejection has been formulated that uses a constant-gain matrix for feedback. This approach guarantees the desired stability properties as stated in Lemma 1. Essentially, the argument results from showing that all trajectories of the closed-loop system are finite and converge to zero. 
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Another approach for control synthesis uses a nonlinear controller as stated in Lemma 2. This controller is more complex than the constant-gain matrix; however, this controller has more parameters which may be tuned to affect the response. The proof of stability is straightforward using a Lyapunov argument.
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Lemma 2 Given the system,
, then the origin is globally asymptotically stable using the control law
The closed-loop system can be expressed as
so the following conditions are satisfied.
is a valid Lyapunov function, and consequently the origin is globally asymptotically stable, if
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An important consideration is the formulation of the open-loop model. Specifically, these controllers assume the LIV dynamics can be expressed as a first-order function of the morphing input. Such an assumption will restrict the systems which can be considered for control synthesis; however, the restriction is not necessarily unreasonable. The examples in this paper can be satisfactorily modeled as first-order functions and, if second-order functions are needed, the Lemmas can be extended to consider higher orders.
Also, these controllers do not guarantee any properties related to performance. The Lemmas merely indicate the stability of the origin for the nonlinear closed-loop system. No information about the speed at which responses converge to the origin can be provided. These conditions actually apply directly to responses from initital conditions and are not even formulated to consider other performance metrics such as tracking or robustness. As such, these results are limited in nature to simple stability for gust rejection.
V. Example
A. Baseline Model
A representative model is used to investigate control synthesis for several types of morphing. This model is loosely based upon a baseline vehicle that has been extensively utilized by the University of Florida. One version of this vehicle was used as a testbed for vision-based control.
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Another version of this vehicle was used to demonstrate morphing for roll control. Models of the longitudinal dynamics of the baseline model are generated assuming a mass of 0.4 kg and an airspeed of 12 m/s. These models are generated using a simplified representation of the lifting surfaces by the package of TORNADO.
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The resulting model is a low-fidelity description that does not properly account for effects such as fuselage drag or aeroelastic dynamics; however, the baseline model is sufficient to describe some effects of morphing that can be controlled. These models will be linear 4-state representations in the standard formulation for rigid-body models.
B. Span-Varying Morphing
A model of the MAV with span-varying morphing is developed by assuming a pure variation in span. In this case, the span is allowed to vary between 60.96 cm and 106.68 cm while the chord is kept constant at 11.43 cm and the camber is kept constant. The representative model in TORNADO The flight dynamics of this vehicle are represented in the LIV framework by noting variations due to span. A set of state-space models are generated to account for the flight dynamics at a set of span values. The state-space matrices are then fit as a function of span to a first-order matrix polynomial. These models do not include the effects of any control surfaces, such as elevator or flaps, so the flight dynamics can be represented as in Equation 7.
The model in Equation 7 satisfies the form needed to synthesize a controller using Lemma 1 and Lemma 2. Also, the constant portion of the LIV dynamics is negative definite which implies the nominal system is stable. A pair of controllers, whose gains are given in Table 1 , are thus chosen using the synthesis conditions. In each case, the initial disturbance to angle of attack is quickly rejected and the system settles back to a trim condition.
An obvious feature in Figure 3 is the inability of the controller to affect the responses. Essentially, the closed-loop responses mimic the open-loop responses. One cause of this similarity is that the controller is not optimized for any The LIV framework is again used to represent the flight dynamics. The model in Equation 8 indicates a first-order fit to the state-space matrices for the flight dynamics at a set of chord values.
A pair of controllers are designed using Lemma 1 and Lemma 2 for the model in Equation 8. This model satisfies the conditions of the Lemmas including stability for q © u
. The resulting gains for these controllers are given in Table 2 . Responses to a gust for the open-loop system and closed-loop systems are shown in Figure 6 . The open-loop system returns to trim to demonstrate the expected stability when the chord is not varied from the nominal condition. The closed-loop systems, using Lemma 1 and Lemma 2, are also stable and able to reject the initial disturbance.
The responses in Figure 6 indicate that chord-varying morphing can indeed be beneficial to rejecting gusts since each controller returns the vehicle to trim faster than the open-loop system. The increase in rejection is perhaps not overly significant but at least is clearly noticeable. The controller changes the chord which actually has the effect of reducing the moment of inertia and, subsequently, increasing the stability derivatives. As the actuation plot shows, the controller reduces the chord to reject this disturbance but then can quickly increase the chord to return to aerodynamic efficiency. The ability of the controller to return the vehicle to trim is also evident in the responses of all states as shown in Figure 7 . Each state returns to equilibrium although the rates of decay in the oscillations after the initial disturbance clearly vary between responses. The behavior of the controllers, and consequently the closed-loop responses, can be determined from Figure 7 in association with Table 2 . In particular, this association can explain the differences between actuation responses in Figure 6 . The chord variations using the controller of Lemma 1 show an oscillatory nature whereas the chord variations from the controller of Lemma 2 settles to a constant steady-state value. The different behaviors is caused by the linear and quadratic nature of the controllers. Essentially, a small chord is commanded by scaling small values of the states but an even smaller chord is commanded by scaling quadratic values of those small states.
D. Camber-Varying Morphing
A model is also generated to account for a camber-varying type of morphing. This model considers the flight dynamics for a vehicle whose camber varies between 8% and 17% while the span remains at 60.96 cm and the chord remains at 11.43 cm. Plots of the wing shape for the model as generated by TORNADO 
A pair of controllers are computed to stabilize the dynamics in Equation 9. The gains for these controllers are derived using Lemma 1 and Lemma 2 and described in Table 3 . The closed-loop responses to an initial disturbances along with the open-loop response are given in Figure 9 . These responses indicate the open-loop system and both closed-loop systems are indeed stable and all responses return to equilibrium. Most importantly, the variation in camber is clearly able to affect the system such that the closed-loop responses reject the disturbance significantly faster then the open-loop response.
The entire set of states in response to the initial disturbance is shown in Figure 10 . The closed-loop systems are stable and the responses all decay to trim; however, the responses are clearly oscillatory for every state except the vertical velocity. The controllers show some interesting behaviors. They clearly have a desirable transient effect by rejecting the disturbance but they also have an undesirable steady-state effect associated with long oscillations. These long oscillations have low amplitude so do not present significant variation in angle of attack; however, the oscillations in the remaining states are more pronounced. These oscillations result from a choice of controllers that strove for performance as determined by angle of attack rather than the other states. A different set of controller gains could be chosen that may reduce the oscillations in all states but possibly also reduce the rate of disturbance rejection.
VI. Conclusion
The linear input-varying (LIV) framework has been introduced to describe a class of morphing aircraft. This framework admits flight dynamics that affinely depend on the morphing configuration but yet are traditional state-space models for a constant value of morphing. The use of state feedback results in a nonlinear closed-loop system and, consequently, eliminates use of the myriad of linear techniques for control synthesis. A pair of designs are presented that guarantee stability of first-order functions in the LIV framework. Several examples of simplified systems with representative morphing are used to demonstrate that the controllers do not necessarily result in performance but closed-loop stability for gust rejection is certainly achieved.
